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The �1 re
ursion theorem of Kripke-Platek set theory KPproves for G a �1 fun
tion that if G is total, so is the fun
tion Fgiven by the re
ursion F (x) = G(F �x);and further F is provably equal to a �1 fun
tion.If the de�ning fun
tion G is rudimentary in the sense ofJensen, we shall speak of F as given by a rudimentary re
ursion,or, more brie
y, that F is rud re
.In favourable 
ases we may also use this terminology whenF is intended to be a fun
tion de�ned on On rather than on V ,or de�ned by re
ursion on other well-founded relations related tothe epsilon relation.
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A set of generators for the 
lass of rudimentary fun
-tions
R0(x; y) = fx; ygR1(x; y) = x n yR2(x) = SxR3(x) = Dom (x)R4(x; y) = x� yR5(x) = x \ f(a; b)2 ja;b a 2 bgR6(x) = f(b; a; 
)3 ja;b;
 (a; b; 
)3 2 xgR7(x) = f(b; 
; a)3 ja;b;
 (a; b; 
)3 2 xgA14(x; y) = x\fyg [= Dom ((x \ ([SSx℄� fyg))�1)℄R8(x; y) = fx\fwg jw w 2 yg6�vii�2009 : : : : : Rudimentary re
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Some rudimentary re
ursionsEXAMPLE The de�nition of rank:%(x) =[f%(y) + 1 jy y 2 xgEXAMPLE The de�nition of transitive 
losure:t
l(x) = x [[ft
l(y) jy y 2 xgEXAMPLE Let S(x) be the set of �nite subsets of x. Restri
ted toordinals, this has a rudimentarily re
ursive de�nition:

S(0) = f?g; S(�+1) = S(�)[fx[f�g jx x 2 S(�)g; S(�) = [�<�S(�):Restri
ted to the hereditarily �nite sets, it hasn't.
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T(u) =df u [ fug [ [u℄1 [ [u℄2[ fxr y jx;y x; y 2 ug[ �Sx ��x x 2 u	[ �Dom (x) ��x x 2 u	[ fu \ (x� y) jx;y x; y 2 ug[ �x \ f(a; b)2 ja;b a 2 bg ��x x 2 u	[ �u \ f(b; a; 
)3 ja;b;
 (a; b; 
)3 2 xg ��x x 2 ug[ �u \ f(b; 
; a)3 ja;b;
 (a; b; 
)3 2 xg ��x x 2 ug[ �x\fwg ��x;w x 2 u;w 2 u	[ nu \ �x\fwg ��w w 2 y	 ���x;y x; y 2 uo:6�vii�2009 : : : : : Rudimentary re
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PROPOSITION T is rudimentary, u � T(u) and u 2 T(u). If u istransitive, then T(u) is a set of subsets of u, T(u) is transitive,rank(T(u)) = rank(u) + 1, and S n2!Tn(u) is the rud 
losure ofu [ fug.REMARK Re
ursively de�ne T (x) = Sy2x T(T (y)); then T (x) al-ways equals T%(x), whereT0 = ?; T�+1 = T(T� ); T� = [�<�T�whi
h 
an be said in one breath asT� = [�<� T(T� )then L = S�2ON T� , and J� = T!� ; but � 7! !� is not rud re
.
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PROPOSITION If F (~x) is a rudimentary fun
tion of several vari-ables, there is an ` 2 ! su
h that for all transitive u, if ea
hargument in ~x is in u, then F (~x) 2 T `(u).Proof : The stated property holds of the nine generating fun
tionsand is preserved under 
omposition. aCOROLLARY (Gandy; Jensen) If F is rudimentary, then there isa �nite ` su
h that the rank of the value is at most the maximumof the ranks of the arguments, plus `.Proof : the fun
tion T in
reases rank by exa
tly 1. a
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Rudimentary re
ursion from parametersLet p be a set. We 
all a unary fun
tion F p-rud re
 if thereis a binary rudimentary G su
h that for all x,

F (x) = G(p; F �x):

EXAMPLE Ordinal addition is given by the re
ursion

A(�; 0) = �; A(�; � + 1) = A(�; �) + 1; A(�; �) = [�<�A(�; �)

For ea
h � that is an �-rud re
ursion on the se
ond variable �.
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Provident setsDEFINITION A set A is p-provident, where p is a set, if it is non-empty, transitive, 
losed under pairing and for all p-rud re
 F andall x in A, F (x) 2 A.REMARK If A is p-provident, p 2 A.EXAMPLE The Jensen fragment J� is ?-provident for all � > 1.DEFINITION A is provident if it is p-provident for every p 2 A.EXAMPLE Ea
h J!� is provident.REMARK For provident sets, it is unne
essary to demand thatthey be 
losed under pairing, for if x 2 A, the fun
tion y 7! fx; ygis x-rud re
, being given by the re
ursion F (y) = fx;DomF �yg:
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Bounding rudimentary fun
tions in a �nite progressDEFINITION A �-progress is a sequen
e hP� j � 6 �i of transitivesets su
h that for ea
h � < �, T(P� ) � P�+1 and for ea
h limitordinal � 6 �, S�<� P� � P�.The progress is stri
t if for ea
h � < �, P�+1 � P(P�); and
ontinuous if for ea
h limit � 6 �, P� = S�<� P� .THEOREM Let R be a rudimentary fun
tion of n variables. Thereis a 
R 2 ! su
h that for every 
R-progress P0; P1; : : : ; P
R ,R\Pn0 � P
R :

DEFINITION We 
all 
R the rudimentary 
onstant of R.
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The 
anoni
al progress towards a given transitive setLet 
 be a transitive set. Let 
� = 
 \ fx j %(x) < �g.Sin
e 
 is transitive, 
�+1 will be a set of subsets of 
� ; in fa
t
�+1 = 
 \ fx j x � 
�g; we shall use this as a dire
t re
ursivede�nition below.If 
�+1 = 
� , then 
� = 
 and for all � > �, 
� = 
� ; so thatthat �rst happens when � = %(
).Using 
 as a parameter we de�ne a sequen
e of pairs ((
� ; P 
� ))�by a rud re
ursion on �. Ea
h P 
� will be of rank �; we shall use thefun
tion T , but we shall also \feed" stages of 
 into the pro
ess.
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DEFINITION
0 = ? 
�+1 = 
 \ fx j x � 
�g 
� = S�<�
�P 
0 = ? P 
�+1 = T(P 
� ) [ f
�g [ 
�+1 P 
� = S�<�P 
�LEMMA Ea
h P 
� is transitive. P 
� � P 
�+1. P 
� 2 P 
�+1; and so for� < �, P 
� � P 
� and P 
� 2 P 
� .REMARK 
� = 
 \ P 
� ; %(P 
� ) = �.REMARK P 
� may be de�ned by a single rud re
ursion on ordinals:P 
0 = ?; P 
�+1 = T(P 
� )[f
\P 
�g[(
\fx j x � P 
�g); P 
� = [�<�P 
� :

REMARK Ea
h P 
� is rud 
losed, for � a limit ordinal; P 
! = V!.6�vii�2009 : : : : : Rudimentary re
ursion and provident sets : : : : : xi



Two important properties of p-rud re
 fun
tions.THE DEFINABILITY LEMMA Let F be p-rud re
ursive, given byG. Then \f is an F -attempt" is a �0 predi
ate of p and f .REMARK If F is rud re
 (in a parameter), so is x 7! F �x (in thesame parameter).THE PROPAGATION LEMMA Let G be a binary rudimentary fun
-tion. Then there is a ternary rudimentary fun
tionHG, obtainableuniformly from G, su
h that for any set p, if F be the p-rud re
fun
tion given by the re
ursion F (x) = G(p; F �x), and if P+ andP be transitive sets with P � P+ � P(P ), thenF �P+ = HG(p; F �P;P+):
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Proof : If x 2 P+, then x � P , so F � x = (F � P ) � x soF (x) = G(p; (F �P )�x). Hen
e

F �P+ = f(G(p; (F �P )�x); x)2 jx x 2 P+g:

We take HG(p; f; q) � f(G(p; f �x); x)2 jx x 2 qg.a
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A new symbolDEFINITION F �� u =df fF �x j x 2 ug

Bounding rudimentarily re
ursive fun
tions in a single
anoni
al progressTHEOREM Let F be p-rud re
, given by G. Then there exist sFand gF in ! su
h that for any transitive 
 and any ordinal �0 withp 2 P 
�0 , any non-su

essor ordinal � and any k 2 !,(i) F �� P 
� � P 
�0+�; (ii) F �P 
�+k 2 P 
�0+�+sF+k�gF .
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THEOREM Let � be inde
omposable and 
 a transitive set. ThenP 
� is provident.Proof : Let p 2 P 
� ; 
hoose �0 < � with p 2 P 
�0 . Let F be p-rud re
. Then for ea
h limit � < �, F �� P 
� � P 
�0+� � P 
� . SoF �� P 
� � P 
� , as required. aPROPOSITION Let 
 be a transitive set and � an inde
omposableordinal. Then P 
� = P 
�� = [�<�P 
�� :
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PROPOSITION If � is an inde
omposable ordinal and C is a set oftransitive sets su
h that any two members of C are members ofa third, then B =df S
2C P 
� is provident. More generally, theunion of a dire
ted system of provident sets is provident.Proof : Given a parameter p in B and an argument x in B, 
hoose
 2 C with both p and x in P 
� . We know that P 
� is provident, andso if F is p-rud re
, F (x) is in P 
� and therefore in B. a (20�-1)

6�vii�2009 : : : : Rudimentary re
ursion and provident sets : : : : xvi



PROPOSITION Let A be a provident set, and write �(A) for theleast ordinal not in A.A is rud 
losed;A 
ontains the rank %(x) of ea
h member x of A;A 
ontains the transitive 
losure of ea
h of its members;�(A) is inde
omposable;�(A) = %(A);A = SfP d�(A) jd S d � d 2 Ag

PROPOSITION Let � be an inde
omposable ordinal, and let (Q�)�6�be a �-progress with Q� = S �<�Q� . Then Q� is provident.
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Provident levels of the Jensen and G�odel hierar
hiesPROPOSITION If u is transitive and ?-provident then so is rud(u).Proof : We take Pn = Tn(u), and P! = S nPn. hP� j � 6 !i isthen a stri
t 
ontinuous !-progress, so we may apply a previousproposition with p = ?. aCOROLLARY Ea
h non-empty J� is ?-provident,THEOREM J� is provident i� !� is inde
omposable. More gen-erally, if 
 is a transitive set, J�(
) will be provident i� !� isinde
omposable and stri
tly greater than the rank of 
.REMARK We need !� to ex
eed the rank of 
, as provident sets
ontain the ranks of their members.6�vii�2009 : : : : Rudimentary re
ursion and provident sets : : : : xviii



REMARK So although for a given p in L we must go to the �rstinde
omposable ordinal above the moment of 
onstru
tion of p to�nd a J� whi
h is p-provident, every subsequent J� will also bep-provident.PROPOSITION J! is provident. The next one will be J!2 .PROPOSITION Ea
h L� is ?-provident for limit �.PROPOSITION L� is provident i� � is inde
omposable.

S-logi
 in provident setsPROPOSITION Let A be provident; let a 2 A. Then S(a) 2 A.
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Rudimentary re
ursion and for
ing



EXAMPLE Suppose we are making a for
ing extension using anotion of for
ing P that is a set of the ground model, assumedtransitive. In the theory of for
ing, a member y of the groundmodel is represented by the term ^y of the language of for
ing,given by the re
ursion
^y =df f(1IP; ^x) jx x 2 ygThis is a rudimentary re
ursion in a parameter, being of theform F (a) = G(1IP; F �a)where G is the rudimentary fun
tion (1IP; a) 7! f1IPg � Im(a).
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EXAMPLE If G is a generi
 �lter on a notion of for
ing P in a tran-sitive model M , and we follow Shoen�eld in treating all membersof M as P-names, the fun
tion valG(�) de�ned for a 2M is givenby a rudimentary re
ursion with G as a parameter.

valG(b) =df fvalG(a) ja 9p :2G (p; a) 2 bg

The generi
 extension M [G℄ is then be de�ned as fvalG(a) jaa 2Mg.REMARK Note that the de�nition of the for
ing relation k� hasnot been invoked in making these de�nitions, but its propertieswould be needed to show that M [G℄ has interesting properties.
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For
ing in provident setsDEFINITION p k�0 a � b ()df (p; a) 2 b.k�0 is our �rst approximation to the relation k�.LEMMA If p k�0 a � b then a 2 SS b.DEFINITION In future we shall write S 2x for SSx.DEFINITION p k�1 a � b ()df 9q :2S 2b [q � p & (q; a) 2 b℄:LEMMA If p k�1 a � b and r � p then r k�1 a � b.
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DEFINITION p k�b = 
 ()df

8� :2S2b 8r :�p�r k�1 � � b) 9t :�r 9
 :2S2
(t k�� = 
 & t k�1 
 � 
)� &8
 :2S2
 8r :�p�r k�1 
 � 
) 9t :�r 9� :2S2b(t k�
 = � & t k�1 � � b)�

DEFINITION Let �=(p; b; 
) be the 
hara
teristi
 fun
tion of therelation p k�IPb = 
, so that it takes the value 1 if p k�IPb = 
 and 0otherwise.
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The graph of �= on transitive sets is given by a P-rudimentaryre
ursion.
THE DEFINABILITY LEMMA \f is a �= attempt" is �0(P; f).THE PROPAGATION LEMMA Let F (u) = �= � (P � u � u). Thereis a rudimentary fun
tion H= su
h that for any transitive P , ifP � P+ � P(P ),

F (P+) = H=(P; F (P ); P+):
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Propagation of �=

We have de�ned the progress P 
� for 
 a transitive set. We
ould 
ontinue to work with progresses of the above kind, but aproblem would then arise at the end of the paper, in the proofthat a set-generi
 extension of a provident set is provident.Here it is better to work with other progresses, whi
h mightbe 
alled 
onstru
tion from e as a set and �= as a predi
ate, withthe de�nition of �= evolving during the 
onstru
tion.DEFINITION Let e be a transitive set of whi
h P is a member;let � = %(P). We de�ne by a p-rudimentary re
ursion a sequen
e((e� ; P e; =� ; �e�)3)� of triples, thus obtaining a new progress (P e; =� )� .For every �, e� will be de�ned as before; for � 6 � we set P e; =� =6�vii�2009 : : : Rudimentary re
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P e� ; for � < �, we set �e� = ? but at �, we set �e� = �=�P e� , whi
hwill be a set by the last Corollary. Thereafter we sete�+1 = e \ fx j x � e�g e� = S�<�e�P e; =�+1 = T(P e; =� ) [ fe�g [ e�+1 [ f�e� \ P e; =� g P e; =� = S�<�P e; =��e�+1 = H=(P; �e� ; P e; =�+1) �e� = S�<��e�PROPOSITION Let e be transitive, with P 2 e, and let � be inde-
omposable and stri
tly greater than %(P). Then P e; =� = P e� .
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This re
onstru
tion of P e� shortens the delay for most �e� :PROPOSITION For any ordinal � > �, any limit ordinal � > � andk 2 !, �e� = �=�P e; =� ;�e� � P e; =�+6;�e� � P e; =� ;�=�P e; =� 2 P e; =�+12.
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Propagation of ��We may now de�ne p k�a � b.DEFINITION p k�a � b ()df 8s :� p 9t :� s 9� :2S2b �t k�� =a & t k�1 � � b�:REMARK This is not a de�nition by re
ursion: indeed it is visiblyrudimentary in p k�b = 
.DEFINITION Let ��(p; a; b) be the 
hara
teristi
 fun
tion of therelation p k�IPa � b.PROPOSITION There is a natural number s� su
h that for ea
hordinal � > �, �� �P e; =� 2 P e; =�+s� .
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Constru
tion of Cohen terms of aÆne delay for rudimen-tary fun
tionsTHEOREM Let R be a rudimentary fun
tion of some number ofarguments. Then there is a fun
tion RP, of the same number of ar-guments, with the property that if A is a provident set and P 2 Aa notion of for
ing, then A is 
losed under RP and, further, if G isan (A; P)-generi
, then (to take the 
ase of a fun
tion of two vari-ables) for all x and y in A, valG(RP(x; y)) = R(valG(x); valG(y)):COROLLARY Let A be provident, P 2 A and G (A; P)-generi
.Then A[G℄ is rud 
losed and so a model of GJ0.

6�vii�2009 : : : : Rudimentary re
ursion and provident sets : : : : xxxi



Propagation of Cohen terms for rud fun
tionsPROPOSITION Let R be a rudimentary fun
tion of some numberof arguments, and let RP be the 
orresponding fun
tion of namesthat we have de�ned. There is a natural number sR su
h thatwhenever e is a transitive set with P 2 e, and � is an ordinal notless than %(P), RP�P e; =� 2 P e; =�+sR :
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No new ordinals !REMARK In se
tion 6 of The strength of Ma
 Lane set theory,a for
ing 
ontru
tion is done over a non-standard model N, andit was there blithely stated without proof that the generi
 ex-tension would bring no new \ordinals" Fortunately the model Nwas power-admissible, and therefore 
ertainly a model of PROVI,whi
h is a sub-theory of KP, so that the present remarks justifythat blithe statement; that is reassuring in view of the somewhatpathologi
al models presented elsewhere.
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Constru
tion of rudimentarily re
ursive Cohen terms for rankand transitive 
losureRank and transitive 
losure are pure rud re
; we show herethat P-rud re
 Cohen terms exist for them.Let S(�) be the basi
 fun
tion z 7! z [ fzg.LEMMA There is a rud fun
tion SP(�) su
h that valG(SP(x)) =S(valG(x)).DEFINITION %P(x) =df S Pf(p; SP(%P(y)) j (p; y) 2 x & p 2 IPgREMARK %P is rud re
 in the parameter P.LEMMA LetA be provident, and P 2 A. For all x 2 A, valG(%P(x)) =%(valG(x)).6�vii�2009 : : : Rudimentary re
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DEFINITION t
lP(x) =df x [PS P(f(p; t
lP(z)) j (p; z) 2 xg):REMARK t
lP is rud re
 in the parameter P.LEMMA LetA be provident, and P 2 A. For all x 2 A, valG(t
lP(x)) =t
l(valG(x)).
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Constru
tion of Cohen terms for the stages of a progress.Let e be a transitive set in the ground model of whi
h P isa member, and let � be inde
omposable, ex
eeding the rank of e.P e� is provident. Let _d be the Cohen term ^e[f _GgP, so that valG( _d)will be the transitive set d = e [ fGg.REMARK _d will be a member of P e%(P)+k for some (small) k, giventhe de�nition of _G, our 
onvention that 1 = 1 and the fa
t that ^�is 1-rud re
.Our task is to build for ea
h � < � a name N(�) for the stageP d� of the progress towards d.
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A simpli�ed progressNow %(G) 6 %(IP) < %(P), so that for � > �, d� = e� [fGg. Itmight be that %(G) < %(IP); to avoid building names whi
h makeallowan
e for that un
ertainty, we shall build names for the termsof a slightly di�erent progress (Qd�)� .DEFINITIONfor � < �; Qd� = P e� ; Qd� = P e� [ fGg;for � > �; Qd�+1 = T(Qe� ) [ fd�g [ d�+1; Qd� = [�<�Qd� if � = S� > �:

PROPOSITION If � is inde
omposable, then Qd� is provident andequals P d� .
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Generi
 extensions of provident sets and of Jensen frag-mentsTHEOREM Let � be an inde
omposable ordinal stri
tly greaterthan the rank of a transitive set e whi
h 
ontains the notion offor
ing, P. Let G be (P e� ; P)- generi
. Then (P e� )P[G℄ = P e[fGg�and hen
e is provident.Proof : (P e� )P[G℄ 
ontains P e[fGg� , as we have for ea
h � < � builta name in P e� that evaluates under G to Qe[fGg� , and we know byProposition 8�4 that Qe[fGg� equals P e[fGg� .For the 
onverse dire
tion, we know that P e[fGg� is provident,and has G as a member and hen
e 
an support the G-rudimentaryre
ursion de�ning valG(�). Further P e[fGg� in
ludes (P e� )� , whi
h6�vii�2009 : : : Rudimentary re
ursion and provident sets : : : xxxviii



is de�ned by an e-rudimentary re
ursion, and so in
ludes (P e� )P[G℄.aREMARK Thus, in this spe
ial 
ase, a generi
 extension of a modelof PROVI is a model of PROVI. We shall use this result to establishit more generally.REMARK Theorem 9�0 remains true if the hypothesis on � is weak-ened to requiring that � > %(P).
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Proof that a generi
 extension of a provident set is prov-ident.THEOREM Let A be provident, P 2 A and G (A; P)-generi
. ThenAP[G℄ is provident.Proof : Let � =df On \A and letT = f
 j 
 2 A & 
 is transitive & P 2 
g:Then A =[fP 
� j 
 2 Tg;sin
e the union on the right 
ontains ea
h element of A and is
ontained in A. It follows thatAP[G℄ = [
2T(P 
� )P[G℄
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By Theorem 9�0, as ea
h P 
� is provident and 
ontains P,

AP[G℄ = [
2T P 
[fGg�

and ea
h P 
[fGg� is provident. Now in [M4, Proposition 5�52℄ weproved theLEMMA If � is inde
omposable and D is a 
olle
tion of transitivesets ea
h of rank less than � and su
h that the pair of any two isa member of a third, then Sd2D P d� is provident.Take D = f
 [ fGg j 
 2 Tg to 
omplete the proof. a
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For
ing over provident models of Zermelo set theory:

a 
ommuting diagram
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H �!valG H[G℄" Lune " LuneP 2 I �!valG I[G℄THEOREM Let I and H be transitive sets su
h that I is a prov-ident model of Z or at least M, and H = Lune(I). Let P 2 Iand let G be (I; P) generi
. Then G is (H; P) generi
, and furtherH[G℄ = Lune(I[G℄).Here the lune of a model of Zermelo or of Ma
 Lane set theoryis a 
anoni
al extension of it whi
h models the same theory plusKripke-Platek.6�vii�2009 : : : : Rudimentary re
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