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The >; recursion theorem of Kripke-Platek set theory KP
proves for GG a X1 function that if GG is total, so is the function F'
given by the recursion

and further F' is provably equal to a X7 function.

If the defining function G is rudimentary in the sense of
Jensen, we shall speak of F' as given by a rudimentary recursion,
or, more briefly, that F' is rud rec.

In favourable cases we may also use this terminology when
F' is intended to be a function defined on On rather than on V,
or defined by recursion on other well-founded relations related to
the epsilon relation.

6-vii-2009 ..... Rudimentary recursion and provident sets ..... i



A set of generators for the class of rudimentary func-

tions
RO(CUay) — {.CIZ‘,y}
Ri(z,y) =z \y
Ra(z) ==
R3(x) = Dom (x)
Ry(x,y) =z xy
Rs(z) = xNA{(a,b)2 |4.p a € b}
Rs(z) = {(b,a,¢)s3 |ap.c (a,b,c)3 € x}
R7(z) ={(b,c,a)s |ap.c (a,b,c)3 € x}

Ava(z,y) = 2*{y} [= Dom ((z N ([UU=] x {y}))~")]
Rg(r,y) = {z“ 1w} v w € y}
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Some rudimentary recursions

EXAMPLE The definition of rank:

= Hew)+11,y €=}

EXAMPLE The definition of transitive closure:
tcl(x) = U U{tcl ) |y y €z}

EXAMPLE Let S(x) be the set of finite subsets of x. Restricted to
ordinals, this has a rudimentarily recursive definition:

S(0) = {o}; S(¢+1) = S(Q)U{au{¢} . z € SO} SN = | S(v)

Restricted to the hereditarily finite sets, it hasn’t.
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T(u) =qr wU {u} U [u]' Ulu)?

6-vii-20009

U{x NY |zy x,y € u}

U{Uz ‘x z € ul

U {Dom (z) ‘x z € u}

U{uN(z XY) |zy x,y € u}

U{zN{(a,b)2 |ap a € b} ‘x T € u}
U{un{(b,a,c)s lape (a,b,c)s € x} ‘x r € u}
U{un{(b,c,a)s lape (a,b,c)s € x} ‘x r € u}l

U {x“{w} .

U {u N {z“{w} ‘w w €y}

wxEu,wEu}

:B,yEu}.
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PROPOSITION T is rudimentary, u C T(u) and u € T(u). If u is
transitive, then T(u) is a set of subsets of u, T(u) is transitive,

rank(T(u)) = rank(u) + 1, and | e T" (u) is the rud closure of
u U {u}.

REMARK Recursively define T'(x) = |
ways equals T,,), where

Th=2; T,1=TT); Th=JT
v\

T(T(y)); then T'(x) al-

yex

which can be said in one breath as

.= |J )

v<(
then L = UyeON T,,and J, =1,,,; but v — wr is not rud rec.
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PROPOSITION If F'(¥) is a rudimentary function of several vari-
ables, there is an ¢ € w such that for all transitive u, if each
argument in ¥ is in u, then F (&) € T"(u).

Proof : The stated property holds of the nine generating functions

and is preserved under composition. -

COROLLARY (Gandy; Jensen) If F' is rudimentary, then there is
a finite ¢ such that the rank of the value is at most the maximum
of the ranks of the arguments, plus /.

Proof : the function T increases rank by exactly 1. -
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Rudimentary recursion from parameters
Let p be a set. We call a unary function F' p-rud rec if there
is a binary rudimentary G such that for all =z,

F(z) = G(p, F ).
EXAMPLE Ordinal addition is given by the recursion

Ala,0) = a; Ala, 8+1) = A(a,B) + 1; A(a, A) UAOzV

For each o that is an a-rud recursion on the second variable (3.
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Provident sets

DEFINITION A set A is p-provident, where p is a set, if it is non-

empty, transitive, closed under pairing and for all p-rud rec F' and
all z in A, F(x) € A.

REMARK If A is p-provident, p € A.

EXAMPLE The Jensen fragment J, is @-provident for all v > 1.
DEFINITION A is provident if it is p-provident for every p € A.
EXAMPLE Each J v is provident.

REMARK For provident sets, it is unnecessary to demand that
they be closed under pairing, for if x € A, the function y — {z, y}
is z-rud rec, being given by the recursion F(y) = {x, Dom F [ y}.
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Bounding rudimentary functions in a finite progress

DEFINITION A &-progress is a sequence (P, | v < &) of transitive
sets such that for each v < &, T(P,) C P,,1 and for each limit
ordinal A <&, J, ., P, C Px.

The progress is strict if for each v < &, P,.1 C P(P,); and

continuous if for each limit A < &, P\ = P,.

v A\

THEOREM Let R be a rudimentary function of n variables. There

iIs a cg € w such that for every cr-progress Py, P, ..., P.,.,

R“P" C P,

DEFINITION We call cy the rudimentary constant of R.
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The canonical progress towards a given transitive set
Let ¢ be a transitive set. Let ¢, = cN{z | o(x) < (}.
Since c is transitive, cc+1 will be a set of subsets of c¢; in fact
cey1 = cN{z | ¢ C c¢}; we shall use this as a direct recursive
definition below.
If cc41 = c¢, then ¢ = c and for all § > ¢, c¢ = c¢; so that
that first happens when ¢ = o(c¢).

Using c as a parameter we define a sequence of pairs ((c,, PS)).
by a rud recursion on v. Each P¢ will be of rank v; we shall use the
function T, but we shall also “feed” stages of c into the process.
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DEFINITION
co = @ cby1 = cNf{z|xCec} cx = U,cnco

T(P) U Ucssr  PE = U,enPS

LEMMA Each PJ is transitive. P; C P7 . P; € PJ_;; and so for
v < (, Py C Pfand Pj € P

c C
PO = O r+1

REMARK ¢, =cN PS; o(PS) = v.
REMARK P¢ may be defined by a single rud recursion on ordinals:

P = @; Pey, = T(PS)UfenPtU(en{a | = C PE}); P = | Pe.
V<A

REMARK Each Py is rud closed, for A a limit ordinal; PS = V.
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Two important properties of p-rud rec functions.
THE DEFINABILITY LEMMA Let F' be p-rud recursive, given by
(GG. Then “f is an F-attempt” is a Ay predicate of p and f.

REMARK If F' is rud rec (in a parameter), so is x — F [z (in the
same parameter).

THE PROPAGATION LEMMA Let G be a binary rudimentary func-
tion. Then there is a ternary rudimentary function H¢q, obtainable
uniformly from G, such that for any set p, if F' be the p-rud rec
function given by the recursion F(z) = G(p, F | z), and if P* and
P be transitive sets with P C Pt C P(P), then

FTPJFZHG(Z%F[P,PJF)
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Proof : If x € PT, then z C P,so F |z = (F [ P) [z so
F(x) =G(p,(FP)[z). Hence

FIPT={(G(p,(F|P)z),z)2 |, x € PT}.

We take Hg(p, f,q) = {(G(p, fI7),2)2 |+ © € q}.
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A new symbol

DEFINITION F [u =g {Flz |z € u}

Bounding rudimentarily recursive functions in a single
canonical progress

THEOREM Let F' be p-rud rec, given by G. Then there exist s
and g in w such that for any transitive ¢ and any ordinal vy with

pe P

Vo J

(i) F FPC C Py o+\? (ii) F'| >\—|—k S u0+>\+sF+k gF"

any non-successor ordinal A and any k € w,
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THEOREM Let 68 be indecomposable and c a transitive set. Then
Py is provident.

Proot : Let p € Py; choose vy < 6 with p € PJ . Let F be p-
rud rec. Then for each limit n < 6, F f Py C P C Pj. So

vo+n —
F f Py C Pj, as required. -

PROPOSITION Let ¢ be a transitive set and 0 an indecomposable
ordinal. Then
Py =Py = | | P>
A<L0
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PROPOSITION If 6 is an indecomposable ordinal and C' is a set of
transitive sets such that any two members of C are members of
a third, then B =gt {J..o Py is provident. More generally, the
union of a directed system of provident sets is provident.

Proof : Given a parameter p in B and an argument z in B, choose
c € C with both p and z in P;. We know that Py is provident, and
so if F' is p-rud rec, F'(x) is in P§ and therefore in B. - (20--1)
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PROPOSITION Let A be a provident set, and write 0(A) for the
least ordinal not in A.

A is rud closed;

A contains the rank o(x) of each member x of A;

A contains the transitive closure of each of its members;
0(A) is indecomposable;

0(A) = o(A);

A=U{Pg4 la UdCde A}

PROPOSITION Let 6 be an indecomposable ordinal, and let (Q), ), <
be a 0-progress with Qg = | ) ,<9@Q,. Then @y is provident.
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Provident levels of the Jensen and Godel hierarchies
PROPOSITION Ifu is transitive and @-provident then so is rud(u).

Proof : We take P, = T"(u), and P, = |JnPn- (P, | v < w) is
then a strict continuous w-progress, so we may apply a previous
proposition with p = @. -

COROLLARY Fach non-empty J, is @-provident,

THEOREM J, is provident iff wv is indecomposable. MNore gen-
erally, if ¢ is a transitive set, J,(c) will be provident iff wv is
indecomposable and strictly greater than the rank of c.

REMARK We need wr to exceed the rank of ¢, as provident sets
contain the ranks of their members.
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REMARK So although for a given p in L we must go to the first
indecomposable ordinal above the moment of construction of p to
find a J, which is p-provident, every subsequent J¢ will also be
p-provident.

PROPOSITION J,, is provident. The next one will be J 2.
PROPOSITION Fach L) is J-provident for limit ).

PROPOSITION L, is provident iff A is indecomposable.

S-logic in provident sets

PROPOSITION Let A be provident; let a € A. Then S(a) € A.
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Rudimentary recursion and forcing



EXAMPLE Suppose we are making a forcing extension using a
notion of forcing P that is a set of the ground model, assumed
transitive. In the theory of forcing, a member y of the ground
model is represented by the term 7y of the language of forcing,
given by the recursion

g =ar {(1Y, 2) |» = €y}

This is a rudimentary recursion in a parameter, being of the
form

F(a) =G, Fla)

where G is the rudimentary function (1", a) — {1V} x Im(a).
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EXAMPLE If G is a generic filter on a notion of forcing P in a tran-
sitive model M, and we follow Shoenfield in treating all members
of M as P-names, the function valg(-) defined for a € M is given
by a rudimentary recursion with G as a parameter.

valg(b) =qr {valg(a) |, Ip:€G (p, a) € b}

The generic extension M|[G] is then be defined as {valg(a) |,
ae€ M}

REMARK Note that the definition of the forcing relation ||— has
not been invoked in making these definitions, but its properties
would be needed to show that M |G] has interesting properties.
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Forcing in provident sets

DEFINITION p |l a€b <=qaf (p, a) € D.

s is our first approximation to the relation |-
LEMMA Ifp |lsaeb thena € [ JUD.

DEFINITION In future we shall write | %z for | J{Jz.
DEFINITION p |z a €b <=qr 3q:€J?b[q > p & (g, a) € D].
LEMMA If p ||—1Q6Qandr§pthenr ||—1Q6Q
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DEFINITION p |b = ¢ <=gs

VB:eUbVr:<p[r |5 Beb= Tt:<r Iy:eSelt|FB=7&t|5vec)
Vy:eJleVri<plr byec=3:<r3e bt Fr=8&t |- Bebd)

DEFINITION Let x=(p,b,c) be the characteristic function of the

relation p \PPQ = ¢, so that it takes the value 1 if p ||—]PQ = c and 0
otherwise.
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The graph of y- on transitive sets is given by a P-rudimentary
recursion.

THE DEFINABILITY LEMMA “f is a x= attempt” is Ag(P, f).

THE PROPAGATION LEMMA Let F(u) = x=| (P X u x u). There
is a rudimentary function H_ such that for any transitive P, if

P C Pt CP(P),

F(PT) = H_(P, F(P), P*).
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Propagation of y-

We have defined the progress PS for c a transitive set. We
could continue to work with progresses of the above kind, but a
problem would then arise at the end of the paper, in the proof
that a set-generic extension of a provident set is provident.

Here it is better to work with other progresses, which might
be called construction from e as a set and y= as a predicate, with
the definition of x= evolving during the construction.

DEFINITION Let e be a transitive set of which P is a member;
let n = o(IP). We define by a p-rudimentary recursion a sequence
((ey, P57, x¢)3), of triples, thus obtaining a new progress (PS5 7),.
For every v, e, will be defined as before; for v < n we set PS5~ =
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P7; for v < n, we set x;, = & but at ), we set x;, = x=[F,, which

will be a set by the last Corollary. Thereafter we set

e,i1= eN{z|xzCe,} ex=  U,<rév
PET = T(PET)Ufe} Uenn UGN PST) PO = |, yPo"
Xpr1= H.(Px;,P5) X5 = U.aXs

PROPOSITION Let e be transitive, with P € e, and let 6 be inde-
composable and strictly greater than o(P). Then P;'~ = Pf.
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This reconstruction of P; shortens the delay for most 7 :

PROPOSITION For any ordinal v > n, any limit ordinal A\ > 7n and
ke w,

XV_X—rPe

XVCP—|—67

X5 S Py
rPe‘eP+12
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Propagation of y.

We may now define p ||-a € b.
DEFINITION p |~a e b <=g Vs:<p It:<s I:c|J’b it -5 =
a &t ||—1 B e Q].
REMARK This is not a definition by recursion: indeed it is visibly
rudimentary in p |-b = c.

DEFINITION Let x.(p,a,b) be the characteristic function of the
relation p [P a € b.

PROPOSITION There is a natural number s. such that for each
ordinal v > n, x| PS5~ € P, .
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Construction of Cohen terms of affine delay for rudimen-
tary functions

THEOREM Let R be a rudimentary function of some number of
arguments. Then there is a function R", of the same number of ar-
guments, with the property that if A is a provident set and P € A
a notion of forcing, then A is closed under R® and, further, if G is

an (A, P)-generic, then (to take the case of a function of two vari-
ables) for all x and y in A, valg(R" (z,y)) = R(valg(x), valg(y)).

COROLLARY Let A be provident, P € A and G (A, P)-generic.
Then A|G] is rud closed and so a model of GJg.
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Propagation of Cohen terms for rud functions

PROPOSITION Let R be a rudimentary function of some number
of arguments, and let R be the corresponding function of names
that we have defined. There is a natural number sr such that

whenever e is a transitive set with P € e, and v is an ordinal not
less than o(IP),
R PST e P,
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No new ordinals !

REMARK In section 6 of The strength of Mac Lane set theory,
a forcing contruction is done over a non-standard model 91, and
it was there blithely stated without proof that the generic ex-
tension would bring no new “ordinals” Fortunately the model N
was power-admissible, and therefore certainly a model of PROVI,
which is a sub-theory of KP, so that the present remarks justify
that blithe statement; that is reassuring in view of the somewhat
pathological models presented elsewhere.
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Construction of rudimentarily recursive Cohen terms for rank
and transitive closure

Rank and transitive closure are pure rud rec; we show here
that P-rud rec Cohen terms exist for them.

Let S(-) be the basic function z — z U {z}.

LEMMA There is a rud function S*(-) such that valg(S*(z)) =
S(valg(x)).

DEFINITION of(z) =ar UF{(p, S (" (%)) | (p,y) € x & p € P}
REMARK 0" is rud rec in the parameter P.

LEMMA Let A be provident, andP € A. Forallxz € A, valg(o" (z)) =
o(valg(z)).
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DEFINITION tclf(z) =g = UF J" ({(p, tcl(2)) | (p, 2) € z}).
REMARK tcl® is rud rec in the parameter PP.

LEMMA Let A be provident, andP € A. Forallz € A, valg(tcl” (z)) =
tcl(valg(x)).
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Construction of Cohen terms for the stages of a progress.

Let e be a transitive set in the ground model of which P is
a member, and let § be indecomposable, exceeding the rank of e.

Ps is provident. Let d be the Cohen term éU{Q’}P, so that valg (d)
will be the transitive set d = e U{G}.

REMARK d will be a member of P? py 4y, for some (small) k, given

the definition of G, our convention that 1 = 1 and the fact that °
is 1-rud rec.

Our task is to build for each v < # a name N (v) for the stage
P2 of the progress towards d.
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A simplified progress

Now 0(G) < o(IP) < o(P), so that forv > n, d, = e, U{G}. Tt
might be that o(G) < o(IP); to avoid building names which make
allowance for that uncertainty, we shall build names for the terms
of a slightly different progress (Q%),.

DEFINITION
forv<mn, QL=PF; Qy = Py u{gh;
for v>n, Qi =T(QS) U{d}Udusr; Q% = | ] QLiFA=UX> 7.

v A\

PROPOSITION If 0 is indecomposable, then Qg is provident and
equals Ped.
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Generic extensions of provident sets and of Jensen frag-
ments

THEOREM Let 8 be an indecomposable ordinal strictly greater
than the rank of a transitive set e which contains the notion of
forcing, P. Let G be (P¢,P)- generic. Then (PS)Y[G] = P;U{g}
and hence is provident.

Proof : (P§)*[G] contains P, Y19} as we have for each v < 6 built

U{g}

a name in P{ that evaluates under G to @y , and we know by

Proposition 8-4 that qu{g} equals P;U{g}.
eU{G} .

For the converse direction, we know that P, is provident,
and has G as a member and hence can support the G-rudimentary
recursion defining valg (). Further P, “19) includes (PS),, which

v
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is defined by an e-rudimentary recursion, and so includes (Pg)"[g].

_|

REMARK Thus, in this special case, a generic extension of a model
of PROVI is a model of PROVI. We shall use this result to establish
it more generally.

REMARK Theorem 9-0 remains true if the hypothesis on 6 is weak-
ened to requiring that 6 > o(IP).
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Proof that a generic extension of a provident set is prov-
ident.

THEOREM Let A be provident, P € A and G (A, P)-generic. Then
AY[G] is provident.
Proof : Let 6 =4¢ On N A and let

T ={c|ce A& cis transitive & P € c}.
Then

A=\ J{FslceT)

since the union on the right contains each element of A and is
contained in A. It follows that

A% = U (F5) (gl

ceT
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By Theorem 9-0, as each Py is provident and contains P,

AIP[g] _ U PQCU{Q}

ceTl

and each PQC U9} g provident. Now in [M4, Proposition 5-52| we
proved the

LEMMA If 0 is indecomposable and D is a collection of transitive
sets each of rank less than 0 and such that the pair of any two is
a member of a third, then |J, Pg is provident.

Take D ={cU{G} | ¢ € T} to complete the proof. -
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Forcing over provident models of Zermelo set theory:

a commuting diagram
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Valg
T Lune T Lune
P e I valy 1G]

THEOREM Let I and H be transitive sets such that I is a prov-
ident model of Z or at least M, and H = Lune(I). Let P € I
and let G be (I,IP) generic. Then G is (H,PP) generic, and further

H[G] = Lune(I[G)).

Here the lune of a model of Zermelo or of Mac Lane set theory

is a canonical extension of it which models the same theory plus
Kripke-Platek.
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