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Mirna Džamonja, in joint work with Jouko Väänänen

2nd European Set Theory Meeting, Bȩdlewo, July , 2009



What happened at the 1st European Set Theory Meeting,
Bȩdlewo, July, 2007?

Many interesting talks, perhaps somebody recalls a talk on trees of
singular height and cardinality:

Abstract 2007: Results jointly with J. Väänänen. We consider the
class of of trees whose height and cardinality are κ, for
ω = cf(κ) < κ, and which do not have an unbounded branch.
Such trees admit a rank, whose value is an ordinal < κ+. This can
be used to show that the universality number of this class
underreducibility is κ+. Within each rank the universality number
is ω. We show a connection with descriptive set theory.
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Bȩdlewo, July, 2007?

Many interesting talks, perhaps somebody recalls a talk on trees of
singular height and cardinality:

Abstract 2007: Results jointly with J. Väänänen. We consider the
class of of trees whose height and cardinality are κ, for
ω = cf(κ) < κ, and which do not have an unbounded branch.
Such trees admit a rank, whose value is an ordinal < κ+. This can
be used to show that the universality number of this class
underreducibility is κ+. Within each rank the universality number
is ω. We show a connection with descriptive set theory.



What happened at the 1st European Set Theory Meeting,
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We have been able to use our discoveries on the combinatorics of
such trees to solve a problem in model theory. In this talk we shall:

I Introduce the isomorphism problem

I Review the situation of countable models

I Move to other regular κ and then discuss:

I Singular κ

I Chain models and games

I Characterisations

I End with an open problem in combinatorics of trees



Isomorphism Problem

Convention: A model is a relational structure.
Kuratowski and Tarski (1931): models of size λ can be considered
as elements of the space 2λ.

When λ = ω this brings us to the realm of Polish spaces. We can
calculate that

Iω = {(A,B) : A,B countable models and ∃f : A ∼= B}

is analytic, and hence it is the intersection of ℵ1 Borel sets,

Iω =
⋂

α<ω1

Bα.
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Ehrenfeucht-Fräıssé Theorem Iω is exactly the set of pairs
(A,B) of countable models for which II has a winning strategy in
the EF game.

The game:
I chooses a0, a1, . . . ∈ A ∪ B, II chooses b0, b1, . . . and II wins if
the association an 7→ bn is an isomorphism.

  A               B

a0, b1.....                           b0, a1.....



Scott was interested in a closer description of the Borel sets Bα

representing Iω. His analysis attached to each pair (A,B) of
non-isomorphic countable models a rank, Scott watershed S(A,B)
related to how the EF game between A and B progresses.
S(A,B) ∈ ω1 clocks the game:

In the EF game the Nonisomorphism player I has to at every stage
go down the ordinals starting at α. He wins if the nonisomorphism
is exposed before he runs out of time .
This game is called the dynamic EF game of rank α + 1 and
denoted by EFDα+1.

S(A,B) = α + 1 ⇐⇒ II wins EFDα, while I wins EFDα+1
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Models of size ℵ1

EF games of length ω1 and dynamic versions
Clock is a tree T of size ℵ1 with no uncountable branches (view it
as a generalisation of an ordinal). EFDT : I has to also choose
elements of T , one at a time, which are <T -increasing (so at the
end he has selected a branch). He wins if the nonisomorphism is
exposed before he runs out of time. The class of these trees is Tℵ1 .

Reduction

T ≤ T ′ ⇐⇒ (∃f ) : T → T ′ s.t (∀x <T y)(f (x) <T f (y)).

Fact
(1) T ≤ T ′ =⇒ EFDT is easier for II then EFD ′

T is.
(2) If II wins EFDT and I wins EFDT ′ , then T < T ′.
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This approach culminated in:
T. Hyttinen and J. Väänänen On Scott and Karp trees of
uncountable models, Journal for Symbolic Logic vol. 55 no. 3, pg.
897–908, (1990).

Theorem
There is an analogue of the Scott watershed for games of the form
EFDT (A,B) for |A| = |B| = ℵ1.

Structural properties of (Tℵ1 ,≤) were studied by Mekler and
Väänänen, and Todorčević and Väänänen.

Descriptive set theory of the space 2ω1 based on Tℵ1 was developed.
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The theory of (Tλ,≤) for λ successor of regular is also quite
known, although it is not completely parallel to that of
(Tℵ1 ,≤)-see the upcoming book

‘Games and Models’ by J. Väänänen.



How about singular κ?

Some basic expectations fail. For example the following are true
for first order logic as well as for Lω1,ω:

I being a well order is not definable, i.e. there is no sentence φ
such that for every linear order L, L is a well-order iff there is
a model M of φ in a language containing ≤ and a unary
symbol A interpreting (A,≤) as L [Tarski proved that Lω1,ω1

defines a well-order]

I Craig’s Interpolation Theorem

I Beth Definability Theorem



How about singular κ?

Some basic expectations fail.

For example the following are true
for first order logic as well as for Lω1,ω:

I being a well order is not definable, i.e. there is no sentence φ
such that for every linear order L, L is a well-order iff there is
a model M of φ in a language containing ≤ and a unary
symbol A interpreting (A,≤) as L [Tarski proved that Lω1,ω1

defines a well-order]

I Craig’s Interpolation Theorem

I Beth Definability Theorem



How about singular κ?

Some basic expectations fail. For example the following are true
for first order logic as well as for Lω1,ω:

I being a well order is not definable, i.e. there is no sentence φ
such that for every linear order L, L is a well-order iff there is
a model M of φ in a language containing ≤ and a unary
symbol A interpreting (A,≤) as L [Tarski proved that Lω1,ω1

defines a well-order]

I Craig’s Interpolation Theorem

I Beth Definability Theorem



All of the above fail for logics of the type Lκ,κ for κ singular (and
more)
(Gostanian and Hrbaček 1976; Malitz 1971). Moreover, Lκ,κ is just
Lκ+,κ as we can ‘decompose’ the κ-conjunctions into shorter ones.

Are there sensible alternatives? We want a connection beetwen
logic, games and descriptive set theory.
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Carol Karp (1959) developed the notion of a chain model.

Definition
A chain model (of length µ) consists of a model A and a
decomposition 〈Aα : α < µ〉. It is assumed that A =

⋃
α<µ Aα,

and that 〈Aα : α < µ〉 is an increasing sequence of models
satisfying |Aα| < |A|. A chain isomorphism between A and B is an
isomorphism f : A → B such that for all α the image of Aα is
contained in some Bβ and, conversely, the preimage of any Bα is
contained in some Aβ. If there is a chain isomorphism between A
and B we write A ∼=chain A.

In this talk chain models have length µ = ω.



The point of chain models is the following modification of the
truth definition of Lκκ

(An) |= ∃x̄ϕ(x̄) ⇐⇒ there are n < ω and ā ∈ An with A |= ϕ(ā),

where x̄ is a sequence of length < κ.

The benefit: If we restrict to chain models, the model theory of
Lκκ is very much like that of Lω1ω. We have undefinability of well
order, Craig Interpolation Theorem, Beth Definability Theorem,
etc.
A body of work due to C. Karp and others.
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Chain models, games and descriptive set theory,
ω = cof(κ) < κ

Games EF c,<κ
ω (A,B):

Given chain models A and B. I and II play sequences of length < κ
of elements of A or B for ω steps. The sequences have to be
contained in some Aα ∪ Bα. II wins this game if the end result is a
partial chain isomorphism between A and B.

Fact
II has a winning strategy in EF c,<κ

ω (A,B) iff A and B are chain
isomorphic iff A and B chain-satisfy the same L∞κ-sentences.

Dynamic version: EFDc,<κ
T (A,B), where T is a tree of size and

height κ with no κ branches and I has to go down a branch.
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Scott watershed when κ is strong limit

Theorem
Suppose that κ > ω is a strong limit of cofinality ω and A and B
are non-chain-isomorphoc chain models of size κ. Then there are
well-founded trees S4 and K4 of size and height κ such that I wins
EFDc,<κ

σS4
(A,B), II wins the game EFDc,<κ

K4
(A,B), and K4 ≤ S4.



Descriptive set theory, κ singular strong limit of countable
cofinality.

We were inspired a covering theorem for infinitary logic proved by
Oikonnen in 1991 and developed more DST, using tree
combinatorics, as I spoke about in 2007. We now present an
application of our Boundedness and Covering Theorems to a
theorem about chain models.

Consider κω with the topology generated by the neighbourhoods

N(f , n) = {g : ω → κ : g � n = f � n},

for f ∈ ωκ and n < ω.

Definition
A set A ⊆ κω is Π1

1 if there is an open set B ⊆ κω × κω such that
for f ∈ κω

f ∈ A ⇐⇒ ∀g ((f , g)) ∈ B).

A set is Σ1
1 if its complement is Π1

1 and it is ∆1
1 if it is both Π1

1 and
Σ1

1.
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Fix a cofinal sequence ~κ = 〈κn : n < ω〉 in κ. Consider chain
models with κ as the universe and a decomposition 〈An : n < ω〉
such that

∀n∃m [An ⊆ κm] ∧ ∀n∃m [κm ⊆ An].

These are ~κ-chain models. Fix a bijection H : κP(κ) → ωκ. If A is
a ~κ-chain model with decomposition 〈An : n < ω〉 then〈A〉 _ Ā is
in the domain of H and it is mapped to some f ∈ ωκ. We say that
A is coded by f . The orbit of A is the set of g ∈ ωκ which code
some B (and a decomposition of it) chain-isomorphic to A 1.

Theorem
Suppose that κ is a singular strong limit cardinal of cofinality ω.
Then the orbit of a ~κ-chain model A is a Σ1

1-set in the space ωκ.
The orbit is ∆1

1 iff there is a well founded tree T of size and height
κ such that for any chain model B of cardinality κ, I has a winning
strategy in EFDc,<λ

T (A,B) if and only if A 6∼=chain B.

1The orbit depends on the function H
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in the domain of H and it is mapped to some f ∈ ωκ. We say that
A is coded by f . The orbit of A is the set of g ∈ ωκ which code
some B (and a decomposition of it) chain-isomorphic to A 1.

Theorem
Suppose that κ is a singular strong limit cardinal of cofinality ω.
Then the orbit of a ~κ-chain model A is a Σ1

1-set in the space ωκ.
The orbit is ∆1

1 iff there is a well founded tree T of size and height
κ such that for any chain model B of cardinality κ, I has a winning
strategy in EFDc,<λ

T (A,B) if and only if A 6∼=chain B.

1The orbit depends on the function H



Conclusion

We have developed a theory of EF games for chain models and
descriptive set theory capturing the notion of chain isomorphism.

This was done by using combinatorics of trees of height and size κ
which are well founded, or do not have an unbounded branch.2

We shall conclude with a self-contained open problem about such
combinatorics:

2dependingon the context
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Question

Trees T and T ′ are incomparable if neither T ≤ T ′ nor T ′ ≤ T . A
κ-Tree is one of size and height κ.

Theorem
Suppose λ, θ are infinite cardinals such that µ = 2λ<θ ≤ κ,
ω = cf(κ) < κ. Then there is a family of µ many pairwise
incomparable κ-Trees.

Question In ZFC, are there always 2 incomparable κ-Trees?
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