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Introduction

By a structure belonging to H(ω2) we really mean
a structure on ω1 but as it will be seen there is also a reason for
involving (H(ω2),∈).

When classifying we are allowed to use some principle of generic
absoluteness

(H(ω2),∈) ≺1 (H(ω2),∈)V [G ]

like MAω1 , BPFA or BMM or even the full versions PFA or MM

but critical objects must all be described without using any
additional axioms.
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Example

Fix a �ω-sequence Cγ (γ < ω1) and define

ρ3 : [ω1]2 → 2,

by

ρ3(α, β) = 1

if and only if the last step of the walk from β to α along Cγ
(γ < ω1) came from a limit ordinal.Consider the structures

T (ρ3) = ({ρ3(·, β) � α : α ≤ β < ω1},v),

C (ρ3) = (T (ρ3), <lex).
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Classifying Trees

Theorem (Kruskal, 1956; Tarkowski, 1960)

The class of finite trees is well-quasi-ordered, wqo,

i.e., for every
infinite sequence Tn of finite trees there exist m < n such that
Tm ≤top Tn.

Theorem (Nash-Williams, 1965)

The class of all trees of height ω is wqo under ≤top .

Theorem (Laver, 1978)

The class of all σ-scattered trees is wqo under ≤top .
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A weaker quasi-ordering on trees

S ≤ T iff ∃ f : S → T strictly increasing

Theorem (Ohkuma, 1960)

The class of σ-scattered trees is totally ordered under ≤ .

Theorem (Ohkuma, 1960)

Every σ-scattered tree is ≤-comparable with every other tree.
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Shifts of T (ρ3)

Theorem (T., 2007)

For m.n ∈ Z,

T (ρ3)(m) ≤ T (ρ3)(n) iff m ≤ n.

Corollary

The class of Aronszajn trees is not wqo under ≤ (nor under ≤top).

Question
Is there some other classification framework that would work for
the class of A-trees?
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Lipschitz Maps and Trees

Definition
A (possibly partial) map f from a tree S into a tree T is Lipschitz
if f is level preserving and if

∆(f (x), f (y)) ≥ ∆(x , y) for all x , y ∈ dom(f ),

where

∆(s, t) = otp{u : u ≤ s and u ≤ t}.
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Definition
A tree T is Lipschitz if every level-preserving map from an
uncountable subset of T into T has an uncountable Lipschitz
restriction.

Remark
We work only with non σ-scattered trees in H(ω2) and with this
restriction essentially all Lipschitz trees are Aronszajn.

On the other hand, any explicitly given A-tree is an L-tree.

Example

T (ρ3) is a Lipschitz tree.
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Theorem (T., 2007)

Assume PFA.

1. Every Lipschitz tree is ≤-comparable with every other
Aronszajn tree. In particular, the class C of all Lipschitz trees
is totally ordered by ≤ .

2. The chain (C,≤) is discrete in the sense that every T ∈ C has
an immediate successor T (1), the shift of T .

3. To every T ∈ C there corresponds a uniform ultrafilter U(T )
on ω1 which is Σ1-definable in (H(ω2),∈) and such that

S ≡ T iff U(S) = U(T ).

4. For T ∈ C, the standard projection Uω(T ) of U(T ) on ω is a
selective ultrafilter on ω

5. The ultrafilters U(T ) belong to the same orbit of ultrafilters
on ω1 and the nonprincipal ultrafilters of the class Uω(T )
belong to the same orbit of ultrafilters on ω.
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A Σ1-definable selective ultrafilter on ω

For a tree T of height ω1, let

U(T ) = {A ⊆ ω1 : (∃X ⊆ T ) X uncountable and ∆(X ) ⊆ A},

where ∆(X ) = {∆(x , y) : x , y ∈ X}. Let

Uω(T ) = πω[U(T )],

where

πω : ω1 → ω

is the standard projection, i.e., πω(α) is the integer part of the
Cantor normal form of α.



A question

Let

Uω(ρ3) = Uω(T (ρ3)).

Then Uω(ρ3) is a nonprinipal selective ultrafilter on ω, so it is
natural to ask the following question.

Question
What is the optimal assumption that guarantees that Uω(ρ3) is
L(R)-generic for the partial ordering P(ω)/Fin?
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Structure of C/Z

Definition
For two Lipschitz trees S and T , let

S ∼ T iff (∃n ∈ Z) S = T (n),

and let C/Z denote the corresponding quotient linear ordering

(C/ ∼, ≤).

Theorem (Ranero-T., 2009)

Assume PFA.
C/Z is isomorphic to ηω2 .
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Linear Orderings

Theorem (Laver, 1971)

The class of σ-scattered linear orderings is wqo under
embeddability.

Question
How sharp is Laver’s result?

Example (Baumgartner, 1976)

The class of non σ-scattered linear orderings from H(ω2) is not
wqo.

Theorem (Ishiu-Moore, 2007)

Assume PFA+. Every minimal non σ-scattered linear ordering is
either isomorphic to a set of reals (a real type) or a
lexicographically ordered Aronszajn tree (an Aronszajn type).



Linear Orderings

Theorem (Laver, 1971)

The class of σ-scattered linear orderings is wqo under
embeddability.

Question
How sharp is Laver’s result?

Example (Baumgartner, 1976)

The class of non σ-scattered linear orderings from H(ω2) is not
wqo.

Theorem (Ishiu-Moore, 2007)

Assume PFA+. Every minimal non σ-scattered linear ordering is
either isomorphic to a set of reals (a real type) or a
lexicographically ordered Aronszajn tree (an Aronszajn type).



Linear Orderings

Theorem (Laver, 1971)

The class of σ-scattered linear orderings is wqo under
embeddability.

Question
How sharp is Laver’s result?

Example (Baumgartner, 1976)

The class of non σ-scattered linear orderings from H(ω2) is not
wqo.

Theorem (Ishiu-Moore, 2007)

Assume PFA+. Every minimal non σ-scattered linear ordering is
either isomorphic to a set of reals (a real type) or a
lexicographically ordered Aronszajn tree (an Aronszajn type).



Linear Orderings

Theorem (Laver, 1971)

The class of σ-scattered linear orderings is wqo under
embeddability.

Question
How sharp is Laver’s result?

Example (Baumgartner, 1976)

The class of non σ-scattered linear orderings from H(ω2) is not
wqo.

Theorem (Ishiu-Moore, 2007)

Assume PFA+. Every minimal non σ-scattered linear ordering is
either isomorphic to a set of reals (a real type) or a
lexicographically ordered Aronszajn tree (an Aronszajn type).



Theorem (Baumgartner, 1973)

Assume PFA. There is a minimal non σ-scattered real type.

In
fact, all non σ-scattered real types from H(ω2) are pairwise
bi-embeddable.

Theorem (T., 2007)

Assume PFA. There is a minimal Aronszajn type. In fact every
lexicographically ordered Lipschitz tree is a minimal non
σ-scattered type and moreover they are all pairwise bi-embeddable.

Theorem (Moore, 2005)

Assume PFA. C (ρ3) embedds into any other Aronszajn type. In
particular,

ω1,−ω1, B, C (ρ3), and − C (ρ3)

forms a basis for the class of all uncountable orderings, where B is
any set of reals of size ℵ1.
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Another wqo question

Question
Is the class of all non σ-scattered linear orderings from H(ω2)
generated by

B, C (ρ3), and − C (ρ3)

well-quasi-ordered under embeddability?

In particular, is the class of all Aronszajn orderings
well-quasi-ordered under embeddability?

Note that by Baumgartner’s theorem the class of real
orderings is wqo assuming PFA.
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The universal Aronszajn line ηC (ρ3)

Example

Let ηC(ρ3) be the collection of all maps from ω into

(−C (ρ3)) + 0 + C (ρ3)

that are eventually equal to 0 ordered lexicographically

Theorem (Moore, 2007)

Assume PFA.
The ordering ηC(ρ3) is a universal Aronszajn linear ordering.
Moreover, an Aronzajn type is either

bi-embeddable with ηC(ρ3)

or it contains an interval
bi-embeddable with C (ρ3) or −C (ρ3)
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Well-quasi-ordering Aronszajn lines

Theorem (Ranero, 2008)

Assume PFA.

The class of all Aronszajn lines is wqo under embeddability.

Definition
Let A denote the class of all Aronszajn lines and let Afr denote the
class of all fragmented Aronszajn lines,, i.e.,

Afr = {A ∈ A : ηC(ρ3) � A}.

It suffices to show that Afr is wqo.



Well-quasi-ordering Aronszajn lines

Theorem (Ranero, 2008)

Assume PFA.
The class of all Aronszajn lines is wqo under embeddability.

Definition
Let A denote the class of all Aronszajn lines and let Afr denote the
class of all fragmented Aronszajn lines,, i.e.,

Afr = {A ∈ A : ηC(ρ3) � A}.

It suffices to show that Afr is wqo.



Well-quasi-ordering Aronszajn lines

Theorem (Ranero, 2008)

Assume PFA.
The class of all Aronszajn lines is wqo under embeddability.

Definition
Let A denote the class of all Aronszajn lines and let Afr denote the
class of all fragmented Aronszajn lines,, i.e.,

Afr = {A ∈ A : ηC(ρ3) � A}.

It suffices to show that Afr is wqo.



Well-quasi-ordering Aronszajn lines

Theorem (Ranero, 2008)

Assume PFA.
The class of all Aronszajn lines is wqo under embeddability.

Definition
Let A denote the class of all Aronszajn lines and let Afr denote the
class of all fragmented Aronszajn lines,, i.e.,

Afr = {A ∈ A : ηC(ρ3) � A}.

It suffices to show that Afr is wqo.



A Hausdorff-like fragmentation of Afr

Definition

1. Afr
0 is the class of all Aronszajn ordering bi-embeddable with

C (ρ3) or −C (ρ3),

2. If Afr
α (α < β) have been defined, let Afr

β be the

collection of all A ∈ Afr for which we can find
{Ai : i ∈ I} ⊆

⋃
α<β Afr

α

such that I ≤ C (ρ3) or I ≤ −C (ρ3) and
A =

∑
i∈I Ai .

Lemma
Assuming PFA,

Afr =
⋃
α<ω2

Afr
α ,
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A Hausdorff rank on Afr

Definition
For A ∈ Afr, let

rank(A) = min{α < ω2 : A ∈ Afr
α}.

Lemma
Assume PFA.

For every ordinal α < ω2 there exist a pair D+
α and D−α of

incomparable Aronszajn lines of rank α such that

1. C (ρ3) · D+
α ≡ D+

α and (−C (ρ3)) · D−α ≡ D−α ,

2. D−α ≤ (−C (ρ3)) · D+
α and D+

α ≤ (−C (ρ3)) · D−α ,
3. (∀A ∈ Afr

α)[A ≡ D+
α ∨ A ≡ D−α ∨ (A ≤ D+

α ∧ D−α )].

Corollary

Assume PFA. For A,B ∈ Afr, rank(A) < rank(B) implies A ≤ B.
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Better-Quasi-Orderings

Now use,
Nash-Williams’ theory of better-quasi-orderings,

Definition (Nash-Williams, 1965)

A quasi-ordered set Q is better-quasi-ordered if for every Borel
map

f : [N]ω → Q

there exists X ∈ [N]ω such that

f (X ) ≤Q f (S(X )),

where S(X ) = X \ {min(X )}, the shift of X .
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Q-labeled linear orderings

and labeled version of Laver’s theorem about the σ-scattered
linear orderings:

Theorem (Laver, 1971)

Let Sσ denote the class of all σ-scattered linear orderings and let
Q be a bettet-quasi-ordered set. Then the collection

SQ
σ = {(A, l) : A ∈ Sσ, l : A→ Q}

of all Q-labeled σ-scattered ordering is also bqo.

(Here, (A, l) ≤ (B, k) if and only if there is a strictly increasing
map f : A→ B such that l(x) ≤Q k(f (x)) for all x ∈ A.)

The End
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